Some examples are given of simple groups G containing a conjugacy class of involutions fi such that if S is a Sylow 2-subgroup of G, then there exist subgroups A C B C S with \A : B\ = 2 and fi n S C B -A.
= 0.
In the special case when Ks = 1, Conjecture 1 is equivalent to Glauberman's Z* theorem; in the case when \S: Ks\ = 2, Conjecture 1 is equivalent to the Thompson transfer lemma. Conjecture 1 is an attempt to generalize these results.
Conjecture 3 is not only an immediate consequence of Conjecture 2; it is also a special case of Conjecture 1. Namely, assuming Conjecture 1 and the hypotheses of Conjecture 3, let G0 = <z> X G, where z2 = 1, let C0 = Q U z^ and apply Conjecture 1 to G0 and S0 to derive the conclusion of Conjecture 3. The purpose of this note is to point out an infinite series of counterexamples to Conjecture 3 and hence to Conjectures 1 and 2.
The groups to be discussed are the simple groups PSLg (q) where q is a prime power with q = 1 mod 16. By Dirichlet's theorem, there are infinitely many suitable q, of which the smallest is q = 17. The example is based upon consideration of the natural representation of SL8 iq) on an 8-dimensional vector space over GF (17) . Throughout the discussion, therefore, let G STEPHEN DORO = SLg (q), Z = Z(SLg (q)), G = PSLg (q) = G/Z with the usual bar convention for subgroups. Let V be an 8-dimensional vector space over GF(<7) which faithfully represents G and fix an ,S G Syl2 (G).
The first step is to show S is monomial on V. Let Fx, F2, ..., F% be a collection of 1-dimensional subspaces of V which span V and let G0 be the subgroup of all unimodular transformations which permute the subspaces {/^|1 < 7 < 8} and such that the induced permutations preserve the systems of imprimitivity {{Fx,... ,F4},{F5,.. .,F8}} and {{Fl,F2},{F:i,F4),{F5,F6},{F1, Fg}}. If x G G0, let x" be the corresponding permutation of the [F^X < i < 8} and let D0 be the diagonal subgroup of group elements fixing all Fr Then GJDq is isomorphic to Z2 ~ (Z2 XZ2), a Sylow 2-subgroup of /lg. Fix an S0 G Syl2 (G0) and let D = S0 (~) D0, so that SjD = Z2 ~ (Z2 X Z2). Since S0 is transitive on {Fjl < i < 8}, CGL ,g)(S0) = Z(GLg (9)) so that the representation of S0 on V is absolutely irreducible. We may choose S G Syl2 (G) with S 2 S0 and then the representation of S on V is absolutely irreducible. Since (q, 2) = 1 and GF (<?) contain a primitive 4-root of 1, the representation of 5 on V is monomial and this forces S = S0 [l, (14.4) ]. This equality could also be derived purely from group order considerations.
Let A be a primitive 16-root of 1 in GF(q), fix nonzero basis elements/ G F( for 1 < 7 < 8 and in this basis define elements of G; c = diag(A,A,A,A,A,A,A,-A), d = diag (1,1,1,1,1,1,-1,-1 ).
Let 6 = ccl (c), fy = ccl (d). Let T be the stabilizer in S of the sets {ij,...,F4}and{F5,...,.F8}.
The second step is to observe that if h G °D n S then h G T. For otherwise, Tj'7 consists of four transpositions, h fixes four corresponding 2-dimensional subspaces; but then, since h has 6 eigenvalues 1, h is the identity on one space i\Fu,Fv), 1 < w < 1/ < 8, contradicting the fact that hA is a transposition on {FU,FV}. Similarly, ifg£finS, then g G T. Now define a homomorphism 5: TZ -» Z2" by 5(x) = det x|/c f\. If z G Z then 6(2) = ±1. Also <5(/7) = ±1 for h G A) n 51 (C r). However, if g G S n 5 then 5(g) = ±A4. Let L = <5"'(±1). Then 6 n L = 0, but if g, /i G S n S then 8(gh) = ±A8 = ±1 sog/iG L. In G, C and ^D become conjugacy classes of involutions and if Ls is defined as in Conjecture 3 then L 2 Ls. 6 n L = 0 so 6 n L5 = 0. However (^ = G, by the simplicity of PSLg (q). This example disproves all the conjectures. In particular, the class S alone already suffices to disprove Conjecture 1.
